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Abstract 

Recent work by Shenker, Stanford, and Kitaev has related the black hole horizon 
geometry to chaotic behavior. We extend this from eternal black holes to black holes 
that form and then evaporate. This leads to an identity for the change in the black 
hole S-matrix (over times shorter than the scrambling time) due an addition infalling 
particle, elaborating an idea of’t Hooft. 
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1 In what sense is a black hole chaotic? 


Thermal behavior and chaos are intimately connected. In thermalizing systems, the ergodic 
mixing of the phase space arises from the exponential divergence of nearby trajectories, Fig. 
lab. It has been recognized for more than four decades that black holes have thermodynamic 
properties. However, only very recently has the connection with chaos been made HI El Elia 
These papers have focused on eternal black holes conhned to cavities, either single 
black holes or in most cases pairs connected by an Einstein-Rosen bridge. In this paper we 
extend these ideas to black holes that form and then decay. 

A measure of chaos is the sensitivity to initial conditions. 




Figure 1: Phase space of a thermalizing system, a) Initial classical phase space region, b) 
A few thermalization times later, the region is well-mixed into the full phase space (subject 
to conservation laws). The initial marked points are now well separated, c) At small h, the 
initial Wigner distributions still have little overlap. 
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The corresponding quantum quantity would be 

^l9M.p(0)|. (1.2) 

Of course, quantum mechanics is linear, and so two states that are close together in the 
sense of having a large inner product will remain so. But states that are orthogonal can still 
be physically similar (Fig. Ic), and this will not be preserved by time evolution. A useful 
quantity is the square of the commutator (to avoid phase cancellations) averaged over the 
thermal ensemble |B], 

Z-^Tr (e-^^[lT(t),l/(0)][lT(t),f>(0)]t) . (1.3) 

We have generalized the operators, conforming to common notation. 

A typical behavior for this expectation value is shown in Fig. 2. We suppose that the 
commutator is initially zero (as for spins separated in space, for example). There are two 
exponentials of interest. The hrst is the exponential decay in the approach to equilibrium, 
whose exponents are the Ruelle resonances. The second is the early exponential growth, 
whose exponents are the Lyapunov exponents (times two, since we have squared the com¬ 
mutator). Note that the approach to equilibrium can be seen even in two-point functions, 
but to see the Lyapunov behavior requires the commutator-squared. 

In a black hole, there are two notable exponential behaviors. If a source of fixed frequency 
is thrown into a black hole, the frequency seen at infinity will be exponentially reshifted. 


dr 

dt 




(1.4) 


Here r is the proper time of the infalling source, t is the Schwarzschild time, and (3 is the 
inverse Hawking temperature. The other exponential is seen in the decay of a perturbed 



Figure 2: Commutator-squared versus time. The exponential Lyapunov growth and Ruelle 
decay are noted. 
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black hole toward its hairless state. For a Schwarzschild black hole the quasinormal modes 
governing this decay have time constants of the same order as in the redshift (1.4), since there 
is only one time scale in the system, but they are not the same. Rather, these modes are 
found by solving a differential equation involving distances of order Vg outside the black hole, 
whereas the redshift (1.4) depends only on the temperature which is determined entirely by 
the geometry at the horizon (the surface gravity). 

Clearly the quasinormal modes correspond to the Ruelle resonances. The recent obser¬ 
vation, as we will explain further below, is that the redshift (1.4) is the sign of Lyapunov 
growth mum- The asymptotic observer actually detects the reciprocal, dt/dr, which is a 
growing exponential. It has long been of interest to understand how the black hole horizon 
is manifested in the dual quantum theory. A general connection with thermalization was 
obvious, but the work of m [21 [31 n El El [7] now makes it clear that it is the Lyapunov 
behavior that is a direct reflection of the horizon physics]^ 

In §2 we derive an identity for the black hole S-matrix, under certain plausible assump¬ 
tions. This identity determines the leading effect of throwing an additional particle into a 
black hole that has has formed in the collision of earlier particles. There is a calculable effect 
on the outgoing particles that grows exponentially in time, reflecting the Lyapunov behav¬ 
ior, until the calculation breaks down roughly a scrambling time after the extra particle is 
thrown in. 

In §3 we discuss various puzzles that this result raises. 


2 An S-matrix identity 

Refs. [T2l [T3| [TT [ [T5] obtained an S-matrix for scattering between a particle falling into a black 
hole and an outgoing particle very close to the black hole horizon. The physical signihcance 
of this result is puzzling, and it remained somewhat unrecognized until resurfacing recently 
in the work noted above [D El El SI El El E]. In fact, the meaning was clearly stated in 
Ref. [13]: 

Suppose the particle falls into a hole that “planned to emit” a certain series of 
particles, possibly to be detected in the late future by some detector. The hole 
is then said to be in one of its various possible states in Hilbert space. The 

^ There is some similarity between the recently proposed model of horizon chaos 0] and earlier matrix 
models of black hole thermalization isiiinip (see in particular Figs. 1 of I9i[ini). However, it is not clear 
that any of the latter share the property of being both solvable and chaotic. I thank B. Michel, V. Rosenhaus, 
and S. J. Suh for collaboration on this. 


3 






infalling particle, no matter how light it is, will change all that. A different series 
of particles will come out. So the incoming particle does cause a transition from 
one state into a different one. The effect can be computed rather precisely, using 
the physics at the distance scales of the particles considered... 

That is, one obtains a relation between a given black hole S-matrix element and another 
with an additional ingoing particle]^ This is very interesting, and raises further questions. 
However, it was largely overshadowed by a more ambitious attempt in the same work to 
obtain the full black hole S-matrix, and even to justify the existence of an S-matrix in the 
hrst place. Here we develop the more precise and less speculative interpretation reflected in 
the quotation above, and discuss its implications. 

We assume that there is a S-matrix for quantum gravity in d dimensions, 

(Ojap'^Q,'^ . . . ) (2T) 

even for processes of such high energy that they are dominated by formation and evaporation 
of an intermediate black hole. The a label the internal states of the particles. A prime will 
always denote an outgoing particle. Rather than a momentum basis, it will be important to 
consider wavepackets / with some localization in time: 

• • • ®/nan|0) • (2-2) 

We will consider packets interacting at a time when there is a black hole of radius Vg centered 
at the origin, after forming in the earlier collisions. We will be interested in effects that are 
large compared to but still less than order one. For simplicity we suppose that all 

interactions are irrelevant at low energy, like gravity itself. 

2.1 Prom infinity to the horizon 

The important dynamics happens near the horizon, but in order to express the result in 
terms of the asymptotic S-matrix we must hrst deal with propagation to the horizon [161 US] 
An incoming packet / following a trajectory r ^ to — t partially rehects from the black 
hole, becoming an outgoing packet Rg' at r ^ t — to + 0{rs) and an ingoing packet Th at 
tortoise coordinate r* ^ to — We have included rehection and transmission coefficients 
R, T so that all three packets are normalized in the appropriate inner product (/, /), e.g. the 

^This is somewhat in the spirit of a Ward identity or a soft scattering theorem, although we do not see a 
precise analogy. 

^ It is convenient to assume that the added incoming particle is massless, in order that its long-ranged 
gravitational field not scramble the states of the black hole before the particle itself arrives. 
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Klein-Gordon inner prodnct for scalars. The dependence of i?,T on f,a is snppressed for 
convenience. Defining the corresponding creation operators, aj. = (/, 0) and so on, we have 



Ra 


t 

g',a 


To-L 


(2.3) 


t _ t _ t 

'^h,a — rj^^g'^a- 


(2.4) 


It will be convenient to discnss the addition of a particle in the near-horizon ingoing 
state h, so we see that this is actnally a statement abont a particnlar linear combination 
of asymptotic S-matrix elements with one additional ingoing particle or one fewer ontgoing 
particle. Similarly for ontgoing particles. 


a 

a 


t _ 

t _ 

h' ^ol' 


It f 

rjni^g,a' ■ 


(2.5) 


Localized modes / are nsnally taken to be of positive Schwarzschild freqnency. When 
expressed in terms of the Krnskal freqnencies of the infalling observer, they become a mix- 
tnre of positive and negative freqnencies. In onr analysis, it will be usefnl for the /’s to 
have compact snpport in time, and so they mnst have a mixtnre of positive and negative 
freqnencies in any time coordinate. To see what is meant by the S-matrix for snch modes, 
consider mixed-freqnency modes bi that are related to pnrely positive-freqnency modes aj 
by a Bogolinbov transformation 




-^ij T ^ j * 


( 2 . 6 ) 


A nnmber eigenstate for the b modes is eqnal to a linear combination of nnmber eigenstates 
for the a modes (start from Nb = 0 and work npwards), so an S-matrix element for the b 
modes is eqnal to a snm of S-matrix elements with varions nnmbers of a modes. 


2.2 The horizon S-matrix 

The horizon S-matrix [TBl [151 EZj is dehned in terms of the h basis, 

‘S'horizon = {^\0'h\a\ ■ ■ ■ • 


(2.7) 


To be precise, the h basis is not meaningfnl in the early stages when the black hole is forming. 
It is probably best to nse the / basis over most of the life of the black hole, switching to 
the h basis dnring the time of interest. Alternatively one can nse Eqs. (2.4[2.5) to express 


5 



everything in the / basis. The h basis is well defined during the period when the additional 
particle is added. 

The important effect arises because ingoing and outgoing quanta collide with high energies 
near the black hole horizon. Consider an incoming quantum on the trajectory r* to — t 
and an outgoing quantum on the trajectory r* ~ t — For for ti > to these meet at 
r* ~ ^(^0 ~ at which point their center-of-mass energy in an inertial frame is boosted by 
a factor 

( 2 . 8 ) 

where /3 is the inverse Hawking temperature. Due to this growth, the gravitational interaction 
becomes important at large ti — to. 

As the incoming particle approaches the horizon, its ultrarelativistic gravitational field 
takes a simple shock form [T2] . 


= 2guvdv {du — F(v, 9)dv) + r^diljj _2 ■ 


(2.9) 


Here 


U = ^ .y = g2vr(?-*+p//3 ^ 

are the Kruskal coordinates, and Q are coordinates on S^~‘^ 
F{v, 6) = 0, is Kruskal. The perturbation satisfies [12] 


( 2 . 10 ) 


The unperturbed metric. 


guM 0) F{v, 9) = -WTiGdMv, 9)dMv, 0) (2.11) 

for incoming packet h{v,9). The ingoing packet and its shock are localized in v. As the 
outgoing packet h'{u,9) passes through the shock, the leading effect is a shift [T^ . 


Au{9) = dv F{v, 9 ), 


5'«i;(0,0) ( -V |,_2 + — — Au{9) = -WiiGrl j dv dyh{v,9)d^h{v,9). (2.12) 


The outgoing packet h'{u, 9) after the shock is related to the packet h'{u, 9) before by 


h'{u,9) = h'{u- Au{9),9). 


(2.13) 


The shift is constant in the smooth u coordinate, and so via the coordinate transforma- 

(2.14) 


tion (2.10) one gets 


dt 


At(9) = Au(9)— = . 

du 
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This grows exponentially with time after the ingoing shock, reflecting the chaotic dynamics 
of the black hole PEllllElE]. 

This has a simple interpretation. The infalling particle canses the event horizon to 
expand. A mode traveling away from the horizon will find itself somewhat closer to the new 
horizon, and so take longer to escape. (In the coordinate system above, the horizon stays 
hxed at M = 0 and the particle shifts toward it.) A mode at radius rg + <5 escapes from the 
black hole after a time of order 

i ^ Ain(rg/(5). (2.15) 

ZTT 

Expanding the horizon by Ats effectively reduces S by Arg, and so 

At ~ ~ . (2.16) 

27ro 

We now translate this into a precise statement about the change in the S-matrix. As an 
operator statement HI, 

^h',a'^h,a ~ ' ( 2 - 17 ) 

The tilde on aX reflects a similar shift in the ingoing packet, but this packet continues 

h^OL 

through the horizon so the shift is not seen. The S-matrix with additional incoming particle 
h can then be written 


(Ok 


‘hU 




d 

hn^^n 


| 0 ) 


a' * * * o' ^ 1 , 

' I iliOii — — l h,(y. k k ri 


Ttl^TTl ^hiai 


T„J0>. (2.18) 


That is, we have commuted a[^ to the left past outgoing modes k,... ,m. In effect, whatever 
would have been the state of the mode ah’.a'- without the additional particle is now the state 
of the mode for i = fc,..., m. We commute only as far as we trust the result (2.17), a 
point that we will address below. 


This is the naive effect of the expansion of the horizon, but the result breaks down be¬ 
yond the scrambling time. For —fo > (d/27r) ln(rf^“^/i7G), which I will take as dehning the 
scrambling time fgcr, the shift Aw exceeds —u over most of the horizon, and the outgoing par¬ 
ticle no longer escapes [Hllin]. Of course. Hawking radiation does not cease. Later Hawking 
modes originate further from the original horizon, and it is an important open question to 
understand how these become imprinted with information. Later outgoing particles, as well 
as the added ingoing particle, undergo scrambling dynamics that is outside the effective field 
theory approximation. 


At tscri the c.m. energy of the collision is of order 


Scoii ~ 


(2.19) 
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In D = 4 this is the Planck energy, but the typical impact parameter is Vg and so the 
gravitational interaction is still weak. Thus, the cutoff due to the horizon expansion oc¬ 
curs before strong gravity effects such as black hole formation [5] n and so we can use the 


commutator (2.17) up to the scrambling time. 


If the string scale is rather low, there could still be stringy corrections to the Lyapunov 
exponent [5]. Of course, there are still large nonlocal invariants, and it is interesting to ask 
whether string effects such as those studied in [TH] could manifest in the S-matrix. 


The relation (2.18) includes the states of particles not appearing in the S-matrix, the 


out goers that are captured by the expanding horizon, and the extra ingoer on the right. 
In order to write a relation for observables, let us recall the basic intuition: up until the 
scrambling time, whatever would have been the occupation number for ah'.a'^ is now the 
occupation number for ar, ,. Since this should be true in any basis, the full density matrices 
for these modes should have the same property. Thus, we consider the square of the S-matrix 
and trace over all modes coming out after the scrambling time, to get 

I0)(^|aj,^,... |0)* 

|0) ' ' ' ®L/3„|0) ' (2-20) 


X 


X 


The notation X reflects the need to shift the time cutoff on the left-hand side to keep the 
one-to-one correspondence between outgoing modes. This is a map from the initial state, 
or density matrix, of the black hole (obtained by contracting the latter with the unprimed 
indices), to the reduced density matrix for the outgoing modes before the scrambling time. 
Thus it is a reduced version of the $-matrix but one that preserves unitarity because it 
is derived from an S-matrix|^ We claim that this is the precise form of the identity implied 
by the quotation at the beginning of the section, capturing effects larger than Gr‘l~^. 

It is useful to use wavepackets h' that have hnite support in time, so that one can sharply 


identify those that are before the cutoff. Since the shift (2.12) depends on angle and becomes 


large near the incoming particle, it is also useful to use packets that have limited angular 


support, avoiding the incoming particle. It should be noted that the identities (2.18,2.20) 


make sense as they stand only for an incoming packet h having narrow support in angle, since 
the shift depends on this; the packet should not be so narrow that the transverse momentum 
competes with the large radial momentum. To go to a general basis, one would hrst extend 
to off-diagonal elements in h (which would mean different shifts on the h' and j' packets). 


"*^1 thank D. Stanford for emphasizing this, 
thank D. Harlow for emphasizing this. 









and then transform to a new basis. This would be complicated due to the dependence of the 
shifts on angle. 

If the incoming particle is thrown in during the hrst half of the life of the black hole, a 
typical initial state will map to a maximally mixed density matrix [T^ and there will be no 
observable effect from the perturbation. For special initial states, or during the second half 
of the life of the black hole, the effect will be detectable. These points are essentially those 

of isnusp. 


3 Puzzles 


The identity (2.20) seems compelling, but in a sense it is quite surprising. The basic input 
is the near horizon scattering amplitude between ingoing and outgoing particles. But in 
a natural black hole there should be no outgoing particles near the horizon from which to 
scatter! An infalling particle, or observer, should fall through the horizon smoothly. 

Indeed, within a low energy effective held theory description of the horizon, where the 
Hawking calculation is valid [22], there is no relation analogous to Eq. (2.20). The vacuum 


state in the neighborhood of the horizon is invariant under small changes of u. The modes 
exterior to the black hole can only be described by a density matrix, they are not tagged 
by their entanglement with earlier Hawking modes, and so there is no way to see that 
something has happened. This argument also implies that the average Hawking flux is not 
(substantially) changed by the infalling particle, in spite of the effect on specific packets. 

The scattering becomes visible due to the additional assumption that there is an S-matrix. 
The argument is a hybrid: we assume that low energy effective field theory breaks down in 
a manner that allows an S-matrix, but that we can use effective held theory to analyze 
scattering involving small numbers of quanta outside the black hole (the derivation of the 


S-matrix involves applying the commutator (2.17) to 0{tsci/rs) modes). These assumptions 


are widely employed in applications of AdS/CFT. We believe that the result (2.20) has the 


ring of truth, in connecting the thermal properties of black holes to chaos, and it seems to 
£t with properties of strongly coupled held theories m- However, it still remains to justify 
the assumptions from a more fundamental understanding. 


The existence of the identity (2.20) rehects the fact that the outgoing modes carry 
information even near the horizon. 


In the words of Mathur [23], the horizon cannot be 
information-free if there is to be a black hole S-matrix. We can illustrate this with an anal¬ 
ogous laboratory experiment. Consider a detector measuring the vacuum huctuations of a 
mode that passes through. What is to be measured is the analog of a'^h',a'- The 
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mode h' has positive Schwarzschild frequency and so mixed positive and negative frequencies 
as seen by a local inertial observer; its distribution in vacuum is thermal. The measurement 
correlates this mode with a register in the detector. A later observer measuring these same 
fluctuations can correlate her own detector with the hrst. The mode therefore carries infor¬ 
mation. 


But one cannot send information with vacuum fluctuations. Once the hrst measurement 
has been made, the held is no longer in vacuum. The mode being measured still has a 
thermal distribution, but it is entangled with the hrst detector and not with the nearby 
modes of the held. Thus, we can be quite certain that if we measure the hux of energy in 
the neighborhood of the mode after the measurement it will be positive. 


The black hole is carrying out a similar measurement on all of the outgoing modes — 

^ The associated energy hux is the hrewall. This is not a new 


this is the meaning of (2.2( 


hrewall argument but a restatement of the original one m- The key assumptions are the 
same — an S-matrix, and ehective held theory outside the horizon. But the identity (2.20) 
and the laboratory analog make the issue more visceral. An infalling observer will pass 
through a beam of information carried by high frequency quanta, and actually ahects the 
passing information. How then can they not also encounter a beam of energy 

Most attempts to avoid the hrewall identify the register in the hrst detector with the 
modes of the held near the beam [25]. Clearly this does not make sense in the laboratory 
example, and it is far from clear that it makes sense for the black hole [26]. Another idea 
would modify ehective held theory outside the horizon [27], so that (2.20) would no longer 
hold. Finally, we note that [28] has suggested that chaotic behavior of the black hole might 
be an alternative to the hrewall, but we have found that they are two sides of the same coin 
(or horizon). 
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